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Introduction 

Knowledge of the relation between discharge and water level in 
channels, be they natural or man-made, is essential for engineering design of 
the channels or facilities near them. The formation of ice in such a channel 
has a major influence an this relationship. In addition the flow has an 
important influence on the formation of the ice cover itself, in that it 
governs the drag force that must be sustained by the ice cover and has a 
strong effect on the heat transfer to and from it. An understanding of the 
effect of an ice cover on the flow under it is therefore important in cold 
region hydrotechnical engineering. 

Channel ice covers can have many configurations, as illustrated in 
Figure I. The mast familiar ice cover is solid and continuous, with an 
undersurface that is generally smoother than the channel boundary. HOWever 
during melt the bottom of such an ice cover can become quite rough. At the 
other extreme, an ice cover can be a continuous accumulation of ice ‘fragments’, 
such as those that form during freeze-up and, if an ice jam forms in the 
channel, at break-up. Such ice covers are usually rougher than the channel 
boundary, and their thickness is governed by the drag of the flow on them. 

Formation of a full ice cover in the fall is preceded by the 
growth of border ice. This results in the channel being partially open and 
partially closed. Often the full ice cover is initiated by frazil slush and 
pans accumulating between the edges of the border ice. Then, although the 
flow has a complete ice cover, the border ice portion is smooth and the 
remainder is very rough. 

Other configurations arise but, generally, in man-made channels and 
the larger rivers and estuaries, the flow in ice covered channels can be 
reasonably represented as flow in a prismatic channel with lateral variations 
in boundary characteristics, as sketched in Figure 2. Various empirical 
approaches have been suggested for estimating the head-discharge relation for 
such a channel (Chow, 1959; Pratte, 1979) and, wore fundamentally, the 
velocity and boundary shear distribution (Leighly, 1932; Deissler and Taylor, 

1958). It is the purpose of this paper to discuss the characteristics of 
flow in such channels to allow an appraisal of the possible limitations of 
the empirical approach, and, a5 a supplement to the empirical methods, to 
briefly review the success that has been had in calculating the essential 
features of such flows from the fundamental equations of motion. 



The simplest of these flows is that in an infinitely (or very) wide 
channel with a continuous and homagenews ice cover. Such a flow is generally 
taken to be two dimensional and, as discussed later, the velocity distribution 
and boundary shear stresses can be determined with little difficulty. However, 
turbulent flow in any other channel shape is known to have secondary flows - 
small flows within the plane of the cross section which, despite their small 
magnitude, have a significant influence on the distribution of velocity and 
boundary shear in such a channel. These secondary flows are created by 
channel geometry and, importantly in the present context, by changes in 
roughness around the boundary. The presence of these flaws considerably 
complicates the discussion of flow in non-circular conduits of which flow in 
ice covered channels is but a subspecies, but, if the behaviour of the 
streamwise flow is to be understood, the action of these flows cannot be 
ignored. 

If a good physical understanding of a fluid flow is to be obtained, 
a good place to start is with the simple statement of the balance of all 
forces acting on a small portion of fluid. For the turbulent flows being 
considered here this statement is provided by the Reynolds equations of 
motion. Although these equations invariably look messy and complicated, a 
discussion of the fundamentals of turbulent flow in a non-circular conduit is 
difficult, if not impossible, without them. For the present discussion it is 
sufficient to use simplified forms of these equations, the simplifications 
being effected by substituting the classic momentum transfer relationships 
for the turbulence (Reynolds) stresses, introducing a secondary flow stream 
function $ such that 

a* a* V == andW = -%;' 

and neglecting second order terms that, while they may change magnitudes 
slightly, do not effect the substance of the mean flow characteristics. 
These simplified forms are, in the coordinate system shown in Figure 3, the 
equation governing the streanwise velocity component U: 

where h is the elevation of the piezometric head line and E is the so-called 
eddy viscosity; and the equation governing the transverse velocity components 
V and W: 

-- 
where, although not precisely so, the terms VY, w in equation (2) can be 
taken as equal to the actual values of the transverse turbulence normal 
stresses for the purposes of this discussion. The development of Equation (I) 
is reasonably straight forward. That of equation (2) is somewhat more 
circuitous. It is described by Gerard (1978). 
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Flow in Wide Channels 

AS mentioned above, flow in wide channels, whose characteristics do 
not vary across the channel, can be expected to be two dimensional (although 
there is wounting evidence that this is not absolutely correct) with V = W = 
a/Liz = 0, 50 that the above two equations reduce to one simple equation: 

This equation is simple to solve using numerical techniques provided that 

a. a satisfactory distribution of E can be found, and 
b. boundary conditions can be defined at each boundary. 

Eddy viscosity distribution: 

It is a fortunate circumstance that the velocity distribution in 
turbulent flow in conduits is quite insensitive to the assumed distribution 
of E away from the boundaries. Hence in choosing a suitable distribution of 
E it is only necessary to ensure the distribution near each boundary is 
acc"rate. This is a relatively simple task because it has been shown that, 
for any conduit shape, this distribution is very close to that found for pipe 
flow with the same boundary shear. These distributions near each point 
around the boundary can then be joined by any plausible distribution to 
complete the distribution. 

Using dimensional analysis, or moment"m transfer arguments, it can 
be shown that near a wall 

E = ",a. 

where ", is local shear velocity and ?. is a mixing length characteristic of 
the eddy size. In pipe flow it has been found that the simple linear relation 

a. = uy 

results in an accurate prediction of the near-wall velocity distribution. 

Hence these are the distributions to be used near the boundary. In 
the core of the flow both physical arguments and experiment suggest E should 
be more or less constant, and a function of the conduit size. The relation 

9. = 0.7 i- 

has been found suitable, where r is the radius of the inscribed circle. The 
simple distribution of 1 that has this value over the central region of the 
flow, and is tangent to the linear distribution near the boundaries, will 
give good predictions of the velocity distribution. 

IO 



Boundary conditions: 

A general boundary condition that is valid for both smooth and 
rough boundaries is that 

U 
- = II+ = & 
“5 

where ke = effective hydraulic roughness 

= k++ 

k being the known equivalent ‘sand-grain’ roughness of the boundary, and v 
the kinematic viscosity. 

Boundary shear: 

The above expressions involve u+, the local shear velocity, which 
in general varies around the boundary and is defined by 

where ~~ is the local boundary shear stress. If the ice cover and channel 
bed have different roughnesses the flow is asymmetric and the values of u;$ 
for each boundary cannot be determined a priori. It is then necessary to 
solve equation 3 iteratively, using the condition that 

in which y is the specific weight of water, R is the hydraulic radius, and 5 
is the slope of the piezometric head line, to constrain the required estimates 
of ‘~0, and 902. After the first iteration the new estimates of boundary 
shear are determined using a procedure similar to that described by Gerard 
(1974). Although somewhat laborious this approach is simple and easily 
programmed, and it does avoid the usual heuristic but unjustifiable assumption 
that the average velocity on either side of the line of maximum velocity are 
equal. Furthermore, this solution technique has the much more significant 
feature that it can be generalized to allow the calculation of the streamWise 
velocity and boundary shear distribution in conduits of any shape and rough- 
ness distribution. 

The so-called k-E model of turbulence has been used recently to 
obtain solutions for the velocity and boundary shears in two dimensional 
asymmetric flows (Lau and Krishnappan, 1980) and could also presumably be 
generalised to other channel shapes. Although it avoids the necessity of 
fabricating an eddy viscosity distribution, it does require the solution of 
an additional partial differential equation. 



Flow in Channels of General Shape 

The velocity and boundary shear distributions for a variety of 
conduit shapes, found using the simple eddy viscosity technique, are shown in 
Figure 4 (Gerard, (1974), Quernes and Doyle (IVEO)), although an important 
limitation of these solutions is the neglect of secondary flow effects - that 
is, neglect of the convective accelerations terms on the left of Equation I. 

These terms were neglected because they depend on V and W, whose 
distribution is given by the solution of Equation 2, which in turn requires 
the determination of the Reynolds stress term on the right of this equation. 
As demonstrated by Naot, Shavit and Wolfshtein (1974) the latter can be done, 
but only at the expense of solving several nore non-linear differential 
equations, which is quite a difficult task in a general conduit shape. A 
reasonably simple method of doing it is the only obstacle to developing a 
practical method to fully analyze the flow in a non-circular conduit. A 
simple semi-empirical method of finding these terms has been discussed by 
Gerard (1978) but the method has only been evaluated for a smooth-wall square 
duct. Its efficacy for other conduit shapes and boundary roughness has yet 
to be demonstrated. 

Nevertheless, an understanding of Equation (2) and the results 
available in the literature allow a useful qualitative appreciation of the 
effects of this elusive feature of flow in non-circular conduits. 

Secondary flow: 

It is apparent from Equation (2) that secondary flows are caused by 
gradients in the transwrse Reynolds normal stresses. As mentioned, such 
gradients are caused by channel geometry or lateral variations in roughness. 

Examples of the distribution of these secondary flows in smooth 
conduits are shown in Figure 5. 
for a variety of conduit shapes, 

Calculation and measurement have shown that, 
the maximum secondary flow velocity in 

smooth conduits is close to 0.4 U,, where U, is the average shear velocity, 
although near a corner with an internal angle of 270'. Tracy (1976) found 
values as high as 0.9 u*, as shown in Figure 5(c). These results indicate 
that in smooth wall conduits, secondary flow velocities are about 3% of the 
maximum streanwise velocity. Nevertheless these small velocities tan trans- 
fer sufficient momentum to significantly modify the boundary shear distri- 
bution, particularly near corners and presumably near changes in roughness. 
This is demonstrated by comparison of the boundary shear distribution of 
Figure 4(a) with that of Figure 6, in which secondary flow effects were 
considered, and the two distributions shown in Figure 7. However, despite 
the significant redistribution of boundary shear evident in Figure 7, the 
secondary flows caused a decrease of only about 10% in the average velocity. 

These secondary flows were caused by geometry discontinuities. In 
natural ice covered channels discontinuities in boundary roughness may 
perhaps be a more Important cause bf secondary flows. Hinze (1967) presented 
qualitative evidence of secondary flows generated by roughness discontinuities, 
but it was only recently that Miller (1979) presented the first preliminary 
quantitative measurements of these flows. Much more investigation is required 



before a definitive statement can be made about the influence on the primary 
flow characteristics of secondary flows generated by this cause. In the 
meantime the solution for the primary flow distribution neglecting secondary 
flows, en example of which is shown in Figure 8, provides a useful alter- 
native to the current empirical procedures of estimating average velocities 
in such channels. 

Summary 

As stated by Tracy (1976), in relatively smooth channels "the 
secondary motions . apparently act to equalise the boundary shear stress 
wer considerable portions of the boundary, accounting in large measure for 
the euccess of equations of the Manning or Chezy type applied to channels of 
complex form". The degree of succe55 of the related procedures used in ice 
covered channels (Pratte (1979)) has yet to be dermx,strated. 

Practical solutions for velocity and boundary shear distributions 
in prismatic ice covered channels can be carried Out using relatively simple 
solution techniques. In addition to providing detailed information on these 
distributions, such a solution has the additional advantage of avaiding the 
more-or-lee5 arbitrary subdivision of the cross section required by the 
simpler empirical methods. Nevertheless, unless information on velocity and 
boundary shear distributions is needed. 
will not usually be justified. 

the work required for such a solution 
Instead these mare elaborate solutions should 

allow an appraisal of the simpler empirical techniques end perhaps indicate 
ways they may be improved. 

For either role - that is, for detailed solutions or for aiding in 
the development of better empirical methods - it is desirable that the 
solutions be based on fundamentals and be accurate. The major obstacle in 
this regard is the dearth of information on secondary flaws, particularly 
those generated by variations in boundary roughness. 
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Figure 2: General, reasonably prismatic, ice covered channel 
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Figure 3: Coordinate system 
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(d) rectangular channels (Querner and Doyle, 1980). 
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Figure 6: Comparison of calculated and measured velocity and boundary 
shear distributions in a square duct, with secondary flows 
considered in the calculations. U 

$= = 24.5 

(Gerard, 1974) 
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Figure 8: Calcualted velocity and boundary shear distribution in a square 
duct with a longitudinal strip of roughness. Secondary flow 
effects were neglected, Urnax (Gerard, 1970). 

-= 21.7, 
u* 

;= 0.03 
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