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Predicting the time of a river ice breakup is essential as it concerns 
environmental impact, emergency flood warning and hydropower production. 
The available predictive methods are developed and tested only for moderate-
gradient large rivers. Their utility for high-gradient small streams is not known. 
As a first step toward development of a criterion for ice breakups in small 
streams one of the existing criteria for large rivers is tested. The ice cover 
thickness is an important parameter considering the river ice breakup, thus a 
simulation of the ice cover growth is included in the analysis. This paper 
represents an initial study of ice breakups in small and steep streams. Extensive 
data are retrieved and analysis regarding ice cover growth and ice breakup is 
conducted. Stefan formula is proven to give good results for the ice cover 
growth in the two study areas. Regarding river ice breakups the Empirical 
criterion has some inconsistency in its simulations of the test cases. 
Nevertheless, the results are found promising and the criterion can be used as a 
foundation for further research and development.  

 
 
 
 
 
 



1. Introduction 

The breakup of river ice is a brief event, but it may lead to major consequences (Beltaos, 1997). 
Infrastructure as bridges and roads are exposed as well as the river itself through erosion of the 
banks and vegetation. In addition ice and congestion of water may cause problems with 
communication and blockage of hydropower intakes (Lokna, 2006). Norwegian rivers are of 
moderate size and fairly steep compared to rivers often referred to in ice studies, such as 
Canadian and Russian rivers. Even the largest rivers in Norway appear to be small in such a scale 
(Asvall, 1994). Despite the consequences of ice breakups in small Norwegian streams, not much 
work has been done to understand the mechanisms behind these events. Another problem is that 
very little or no data on ice breakup is available in Norway (Gebre & Alfredsen, 2011). 
Considering the study of breakup processes a key question is how the event is initiated. This is 
essential for the progress towards forecasting and to assess the spatial variability and severity of 
the event. Criteria predicting the initiation of a mechanical breakup exist. However, the criteria 
are to a greater or lesser extent empirical and site-specific. Their utility is limited by the need for 
historical data (Beltaos, 1997). A second limitation arises because the criteria are developed and 
tested only for moderate-gradient medium and large rivers. Their applicability to high-gradient 
small streams is not known (Beltaos, pers.com). A method applicable for high-gradient small 
streams is needed. With this study, a first step is taken in this direction. Measuring work are 
implemented and used to document the river ice for two streams in the middle part of Norway; 
Ingdalselva and Sokna. In addition data from two ice breakups in Sokna during 2005/06 are 
analyzed. One of the criteria developed for large rivers is tested on the known ice breakups. This 
includes a simulation of the ice cover growth, in which the Stefan formula is used. The original 
formula is expanded by the need for an evaluation of the insulation effect of potential snow 
covers. In addition, the known overprediction of thin ice covers is taken into account. The 
implications of the results and adjustments which are made are discussed.  
 
2. Study areas and Instruments 

The field study was carried out in two unregulated streams: (i) Ingdalselva (63°46’N, 9°90’E, 0 
and 15 masl) and (ii) Sokna (62°94’N, 10°20’E, 240 masl). Their location within Norway is 
shown in Figure 1. The two streams are considered small, steep and shallow. This is consistent 
with the physical characteristics given in Table 1. Considering Ingdalselva two separate parts of 
the study reach is evaluated. An existing pressure sensor is located at the lower part of the 
studied reach. Here a waterfall enters a relative deep pool as shown in Figure 2. At the upper part 
of the study reach the river is more wide and shallow, shown in Figure 3 and 4. A separate 
pressure sensor was placed at the upper observation site for three days. The correlation between 
the two sites is shown in Figure 5. A value of R2 = 0.85 justifies the use of data from the lower 
part. The recorded water levels are converted to the upper part by use of the correlation formula: 
 

0.3014 1.0591              [1] 
 
Equation 1 is only used for water levels higher than the minimum water level recorded in the 
three day period. The reason for this is the discontinuity of the river profile at low water. At low 
water a simplified rectangular profile for the main flow is assumed and Manning formula is used 
to calculate the water levels (Task Force, 1993). The profile is shown in Figure 6.   
 



Considering the study area Sokna the nearest pressure sensor is at Hugdal Bridge, located about 
8 km downstream the observation site Stavilla. In the period 2004-06 a separate transducer was 
placed in Stavilla. The correlation between Hugdal and Stavilla is shown in Figure 7. A value of 
R2 = 0.75 justifies the use of data from Hugdal for the season of 2012/13. The recorded water 
levels are converted to the Stavilla site by use of the correlation formula:     
 

0.6388 20.734              [2] 
 
Tree-mounted cameras were installed taking photos every hour. Only day-time photos could be 
used (09:00-15:00 in December, 07:00-19:00 in April). The ice cover thickness was measured 
throughout regular field trips. Climate data records are retrieved from nearby gauging stations. 
The location of cameras, pressure sensors and gauge stations are showed in Figure 8 and 9. 
 
3. Method 

3.1. Stefan formula 

The Stefan formula is used to calculate the ice cover thickness. The simulations are calibrated 
based on field measurements conducted about once a month between formation and breakup. 
Stefan formula is given as (Washanta Lal, et al., 1993): 
 
   √                  [3] 
 
In which  is the ice cover thickness [mm], S is the accumulation of freezing degree-days [°C] 
and αh is an empirical degree-day factor [mm °C-1/2 day-1/2]. The degree-day factor is decided 
based on the results from Brooks (2010). In her study Hydro-climatic regions for the northern 
hemisphere were used to find the degree-day factors. Maximum observed seasonal ice thickness 
values from 256 river observation sites across the northern hemisphere were used for validation 
(Brooks, 2010). The Stefan formula is known to overestimate the ice growth in the formation 
period and for thicknesses less than about 10 cm it is shown that the method results in too large 
ice thicknesses (Ashton, 1989). It is attempted to exclude this source of error by use of a lower 
degree-day factor in the formation period. The Stefan formula in its most common form do not 
account for variations in snow depth on top of the ice cover. In this study a linear temperature 
method based on the thermal resistance in ice and snow is used. The temperature at top of the ice 
cover is calculated and replaces the air temperature in the expression of the freezing degree days 
when snow is present. The conductivity of ice and snow are set as are set as constants within 
normal ranges, 2.03 and 0.25-0.35 W m-1 °C-1 respectively (Sturm, Perovich, & Holmgren, 2002; 
Jasek, 2006; Byggforsk, 2007; Lundberg & Feiccabrino, 2009). The Stefan formula does not 
simulate the formation of snow ice and is therefore also excluded from the measurements. 
 
3.2. Material 
The results from the simulation of the ice cover growth lead to the material component for the 
breakup study. The seasonal variations in temperature, snow depth and ice cover thickness is 
retrieved for both Ingdalselva and Sokna. The upper part of Ingdalselva experienced the winter 
season 2012/13 an ice cover with two layers. During a period of water on top of the first formed 
ice cover a second layer formed. The first layer is set with a constant thickness while the Stefan 
formula is used for the formation and growth of the second layer. The material component for 
the different study sites is shown in Figure 10. 



3.3. Empirical criterion 
The change in water level is regarded as the only driving factor held back by an amount 
proportional to the ice cover thickness. This is shown to be representative for moderate-gradient 
medium and large rivers (Beltaos, 1997). Only small adjustments have been made compared to 
the original formula. The criterion used in this study: 
 

                                                                                                     [4]
    

In which HB is the water level at which the ice cover starts to move [m], HF is the water level at 
which the ice cover is formed [m], K is a dimensionless site-specific coefficient, S5 is an index of 
the accumulated heat input to the ice cover and F is a site-specific function [m]. 
 
The current ice cover thickness replaces the ice cover thickness prior to the start of melt from the 
original formula. This is done to get a criterion which compares the driving factors to the 
stabilizing factors for each day. HF is set as the average water level for the first seven days of a 
full ice cover, consistent with Beltaos (2008). K is set as 1.5 by calibration. F(S5) include the 
effect warming weather and insolation has on the ice cover strength and is usually evaluated as 
the accumulated thawing degree days with a base of -5°C. The negative base will then account 
for the effect of solar insolation (Beltaos, 2008). For a snow covered ice cover it is shown that 
the solar insolation to a small degree penetrates the snow. The penetration is dependent on the 
albedo, depth and bulk extinction of the snow cover (Sahlberg, 1988). Formulas described by 
Sahlberg (1988) are used to calculate the amount of solar insolation which reaches the ice cover. 
F(S5) have been neglected for all the study cases.  
 
4. Results 
4.1. Stefan formula 
The Stefan formula is shown to present good simulations of the ice cover thicknesses for the two 
study areas. Disregarding the situations with water on top of the ice the accuracy is found in the 
range +/- 4 cm for Ingdalselva and +/- 6 cm for Sokna 2012/13. For Sokna 2005/06 no measured 
values of the ice cover thickness are available and the accuracy is therefore not known. Snow ice 
was only observed in Sokna in March and April 2013, but is excluded from the measurements. 
 
4.2. Empirical criterion 
Ingdalselva 
The lower part of Ingdalselva experienced two river ice breakups during 2012/13 winter season. 
Only one of these situations led to an ice breakup also for the upper part. The Empirical criterion 
gave good results for the lower part of Ingdalselva. Both of the ice breakups were simulated by 
use of the Empirical criterion. For the upper part the criterion failed to simulate the ice run that 
occurred 28.02.13. At this date the ice consisted of two layers. The first ice layer was submerged 
while the second layer was broken up by the hydrodynamic forces. Only the second layer is 
evaluated in the criterion. The results are shown in Table 2 and Figure 11.  
 
Sokna 
Sokna experienced two river ice breakups in the winter season 2005/06. In 2012/13 the water 
found its way on top of the ice cover during the spring runoff and the ice dissolved after some 
days submerged. The Empirical criterion simulated one of the two ice breakups during the 



season 2005/06. The criterion was not able to simulate the ice breakup 11.12.05. Considering the 
season 2012/13 the Empirical criterion simulated an ice breakup 17.04.13, two days after it was 
observed water on top of the cover. The results are shown in Table 3 and Figure 12. 
 
Reduction of the ice covers strength 
Due to a more or less continuous snow cover in 2012/13 the solar insolation towards the ice is 
insignificant and the ice cover temperatures are close to 0°C. Considering Sokna 2005/06 the 
gross insolation is relative low because of the time of year of which the ice breakups occur. The 
results from the calculations of the amount of solar insolation towards the ice cover are shown in 
Figure 13 and the accumulated thawing degree-days (ATDD) in the periods before the ice 
breakups are given in Table 4. 
 
5. Discussion 
5.1. Stefan formula 
Stefan formula provides reliable values of the ice thicknesses and the accuracy level gives the 
possibility of combining the method with the Empirical criterion. By use of the Stefan formula 
only the ice cover growth is evaluated and no thinning of the ice is considered. Excluding 
thinning of the ice is thought sufficient since the focus of this study is mechanical breakups. 
Mechanical breakups is initiated before the ice has had sufficient time to melt, thus thinning of 
the ice cover occurs only to a small extent. This seems reasonable for the two study areas based 
on the observations. The few days of warm temperatures which occur between formation and 
breakup do not affect the ice cover in most cases due to snow cover insulation. However, 
incidents with water flowing on top of the ice cover reduce the ice thickness significantly. For 
these situations an evaluation of the thinning would strengthen the model.  
 
Degree-day factor 
The model validation of Brooks (2010) is based on data sets retrieved from river sites in Russia, 
Sweden, Yukon and British Colombia. None of the data sets were retrieved from Norway. 
Nevertheless, the ice growth study conducted shows that Brooks` work gives good results also 
for Norwegian river sites. For the two study areas the degree-day factor recommended by Brooks 
gave better results than use of the general values developed by Michel. This is an interesting 
finding as Brooks` analytical approach relates the values to specific regions. Thus, the 
determination of the degree-day factor is easier and more specific. During the formation period a 
lower degree-day factor is used. This way, overestimates of thin covers are taken into account.  
 
Two layers of ice cover 
The situation with two layers of ice introduces a complexity which the Stefan formula is not able 
to simulate. It is found that observations are needed to study such local behavior in detail and to 
be able to manipulate the simulations to correspond with the actual behavior. It is not known 
how much the period with water on top of the ice reduced the first ice layer. Thus, the value of 
the constant ice thickness had to be estimated. Insulation from the air pocket as well as an 
overlying ice- and varying snow cover can argue for the assumption of a constant ice thickness.        
 
5.2. Empirical criterion 
By use of the Empirical criterion much simplified evaluations of the driving and stabilizing 
factors are used. However, this method may be sufficient to predict an ice cover breakup and 



does not require extensive field measurements for it to be applicable. Nevertheless, the need of 
historical data to determine the site-specific coefficient (K) and function (F) represents a 
weakness. K is for these study cases set as 1.5 by calibration which is outside the normal range 
from 2 to 10 (Beltaos, 1998). Several studies are needed to evaluate the range of this factor for 
high-gradient small streams further. F(S5) is neglected for all study cases. This is evaluated as 
reasonable for three of the breakup scenarios due to insignificant solar insolation towards the ice 
covers and low ATDD. Greater values of the ATDD in the period before the breakup in the 
lower part of Ingdalselva 28.02.13 and Sokna 01.02.05 introduce an uncertainty to this 
assumption. However, several data sets are needed to do a proper evaluation of the site-specific 
function. For this study it is therefore not taken into account.  
   
In this study the Empirical criterion simulated three of five ice breakups in high-gradient small 
streams. The two which failed may introduce the need for evaluation of several factors and 
further development of the criterion. The ice breakup which was not simulated in Sokna 2005/06 
is believed to do with forces which are transformed from upstream parts of the river. The whole 
river went through a massive ice breakup at this date and it is therefore reasonable to believe that 
the ice cover in the studied reach have been subjected to ice forces which are not contained by 
the Empirical criterion. For the upper part of Ingdalselva more local behavior is believed to be 
omitted by the criterion. The formation of a second ice layer introduces an air pocket and less 
contact between ice and boulders. The air pocket is most likely filled with water giving an uplift 
pressure and less contact with boulders is believed to give less anchor effect of the second layer. 
Observation some days after the ice breakup indicates that the first ice layer was stable which 
strengthens the theory about the boulders giving an anchor effect. The first cover is formed at a 
lower water level and is therefore formed around and into the boulders to a greater extent.         
  
Formation of a full cover 
In this study HF is set as the average water level for the first seven days of a full ice cover. 
Another common way to determine this parameter is by setting it equal to the water level at the 
date of formation of a full cover. This date is often associated with uncertainty. An average 
assessment of the data is therefore chosen because it is evaluated to have a stabilizing effect. The 
criterion is sensitive considering the parameter HF. Thus, effort should be put into determining 
the date of a full cover as accurate as possible. For the ice data which include camera 
observations this analyze is feasible. For Sokna 2005/06, where camera observation is lacking, 
the task is much more demanding and the uncertainty level increase considerably. This may be 
one explanation to less good results for this data set.   
 
Water level measurements 
The location of the pressure sensors introduces an uncertainty. The measurements of the water 
level variations are solid for the lower part of Ingdalselva and Sokna 2005/06 since the sensors 
were located at the actual observation sites. The upper observation site in Ingdalselva is located 
only 130 meters upstream from the lower part. However, 15 altitude meters separate the two sites 
and it is great differences in profile and flow conditions. By use of correlation between sensors at 
the actual sites the source of error is minimized. Nevertheless, the correlation formula introduces 
an uncertainty since R2 is less than 1.0. For later studies pressure sensors at each observations 
site should be considered. 
 



6. Future works 
The need for a criterion which predicts the ice breakups in small streams are considerable. The 
results from this study show that the Empirical criterion can be applicable also for high-gradient 
small streams and makes a good foundation for further studies and development of new criteria. 
Lesson learned is that the field setup should be carefully planned. Installing pressure sensors at 
each observation site makes studies easier and measurements more reliable. Cameras with a 
trigger function should be considered. Observations of the actual breakup are needed to study the 
driving forces more in detail. A wire connected to both the release trigger of the camera and the 
ice cover could make this possible. In addition, it should be considered solutions to make use of 
camera observations at nighttime.  
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Table 1: Physical characteristics of the study sites. 
 

Study site Sokna Ingdalselva 

Study length [m] 150 200 
Catchment area [km2] 196 102 
Mean flow [m3 s-1] 4.4 2.6 
Meter above sea level [masl] 240 0-15 
Mean gradient [%] 1.2 (2.5*) 7.0 (1.7*) 
Mean wetted with [m] 8.0 20 
Max depth [m] 1.0 4.0 

     *River mean 
 

Table 2: Results of the Empirical criterion tested on Ingdalselva. 
 

Date River location Observed Empirical criterion 

04.01.2013 
Lower Part Ice breakup Breakup simulated 

Upper Part 
No breakup, water on top 

of the ice 
No breakup simulated 

28.02.2013 
Lower Part Ice breakup Breakup simulated 
Upper Part Ice breakup Breakup NOT simulated 

 
Table 3: Results of the Empirical criterion tested on Sokna. 

 
Date Observed Empirical criterion 

11.12.2005 Ice breakup Breakup NOT simulated 
01.02.2006 Ice breakup Breakup simulated 
15.04.2013 No breakup, water on top of the ice No breakup simulated 
17.04.2013 NO breakup, water on top of the ice Breakup simulated 

 
Table 4: Accumulated Thawing Degree-Days in the periods before the ice breakups. 

River reach Period 
ATDD at ice cover surface 

[°C] 

Ingdalselva Lower Part 29.12.2012 – 04.01.2013 6.21 
Ingdalselva Lower Part 22.02.2013 – 28.02.2013 11.47 
Ingdalselva Upper Part 29.12.2012 – 04.01.2013 4.26 
Ingdalselva Upper Part 17.02.2013 – 28.02.2013 3.83 

Sokna 11.12.2006 1.79 
Sokna 27.01.2006 – 01.02.2006 17.19 
Sokna 12.04.2013 – 15.04.2013 9.37 

 



 
 

Figure 1: Location of the two study areas within Norway (norgeskart.no). 
 

 
 

Figure 2: The lower part of the study area Ingdalselva. 



 

 
 

Figure 3: The upper part of the study area Ingdalselva at low water. 
 

 
 

Figure 4: The upper part of the study area Ingdalselva at high water. 
 



 
 

Figure 5: Correlation of water level measurements between the lower and upper part of 
Ingdalselva. 

 

 
 

Figure 6: The river profile for the upper part of Ingdalselva. 
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Figure 7: Correlation of water level measurements between Hugdal and Stavilla. 
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Figure 8: Field instrumentation for Ingdalselva (atlas.nve.no). 
 

 
 

Figure 9: Field instrumentation for Sokna (atlas.nve.no). 
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Figure 10: Ice cover simulation. (a) Ingdalselva Lower Part 2012/13; (b) Ingdalselva Upper Part 

2012/13; (c) Sokna 2005/06; (d) Sokna 2012/13. 
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Figure 11: Empirical criterion tested for Ingdalselva. (a) Lower Part; (b) Upper Part. 
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Figure 12: Empirical criterion tested for Sokna. (a) Sokna 2005/06; (b) Sokna 2012/13. 
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     (a)                                                                          (b) 

 
    (c)                                                                     (d) 
 

Figure 13: Solar insolation towards the ice covers. (a) Ingdalselva Lower Part 2012/13; (b) 
Ingdalselva Upper part 2012/13; (c) Sokna 2005/06; (d) Sokna 2012/13. 

 

 
 

 


