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Thanks to modern technology, reasonably-priced acoustic velocity sensors are
now readily available for stream gauging. They can provide significantly more
information than that provided by the traditional stage sensors that gave no idea
of the flow area in the presence of an ice cover nor any idea of the ice-induced
backwater effects on river velocity. Acoustic sensors, when permanently
installed on the river bottom at a river discharge monitoring site, can measure
the depth of flow under the ice cover and give a good idea of the vertical
velocity distribution. Through an analysis of the theoretical assumptions of
various velocity distribution models, this paper examines how the data can be
used to estimate the site’s mean velocity (and hence river discharge). The paper
also provides a guide to optimize sensor installation location and refers to a pilot
project carried out by Hydro Québec in partnership with Université Laval,
Environment Canada and the Ministère de l’environnement de Québec.

1. Introduction
The traditional way to monitor river discharge (Q) is to observe river stage (H). Based on an
established rating curve [Q = f(H)], observed water levels are converted to discharge. The rating
curve is normally established based on a statistical regression between H and the measured
discharge at different water levels. Discharge is traditionally measured using a current meter at
various depths at various verticals. Often the chosen depths for measurement are 0.2 and 0.8
and/or at 0.6 of the channel depth (Walker, 1988 and 1997). Normally, the observations are
repeated at a minimum of 20 verticals. The discharge can also be measured using more modern
equipment such as the Acoustic Doppler Current Profiler (ADCP). In any case, stream gauging
takes time and is costly. Also, according to the manager of the water network at the Quebec
ministry of the environment, it normally takes about 5 years of measurements to develop a good
statistical relationship for the rating curve.
The rating method has worked very well over the last hundred years for open channel flow but
does present substantial problems in winter when there are severe backwater effects caused by
ice. This requires some sort of post processing normally done by an experienced technician
although statistical and neural methods have been proposed.
An alternative to determining discharge from stage is to use a velocity-index method (VIM). In
this case, in addition to observing the stage, the velocities at some point or some set of points
(Vp) are observed. A rating curve can then be established in the form Q = f(H and Vp). The
establishment of the statistically-based Q-(H, Vp) relationship would be made similar to the
establishment of the Q-H rating curve. It would imply comparing H and Vp with a number of
discharge measurements over a period of a few years (probably two to three).
Presumably, VIM could apply during winter conditions as well as summer with some slight
adjustments: instead of measuring the stage, the instrument must be able to detect if ice present
and the depth of water (D) to the ice surface giving Q = f(D and Vp). VIM may also be applicable
at freeze-up and break-up as well. Most commercially available Acoustic Velocity Profilers
(AVP) are installed at the bottom of a channel and look up. Close to the sensor, there is a blind
spot. Depending on the cost of the sensor and the acoustic frequency, the velocity (Vp)is then
measured at a number of different levels (y). Close to the water/air or water/ice interface, there is
then a second blind spot caused by the interference at the boundary.
The sensor we have been working with in this project is the Sontek SW. Two acoustic beams at
45 degree angles to the flow are used to determine the velocity from the Doppler principle. In
addition, there is a third beam that looks straight up to detect the exact distance to the water/air
or water/ice interface. Thanks to the strong technical feedback that Hydro-Québec has provided
and thanks to the openness at Sontek, the instrument has been improved. It now also has an
algorithm to detect the presence or not of an ice cover that has been validated at a site on the
Châteauguay River by a time-lapse camera installed by Laval University.

Statistically, when V is somewhat independent of H (or D), VIM should provide a better estimate
for Q than the traditional rating curve. However, some authors go beyond this statistical
affirmation.
Those advocating VIM, suggest that at a given river station, there is a significant reliable
relationship between an index velocity (Vn) and the mean velocity of the cross-section (Vm).
Based on a study of the laws of entropy, Chiu and Chiou (1986) suggest that there is a theoretical
explanation for this relationship. So far data seems to suggest that they are right for all kinds of
open channel flow conditions (Araujo and Chaudhry, 1998 and Ranjie, 1997) and that the
relationship is linear:

Vm
= const
Vn
In their studies, the maximum velocity in the cross-section Vmax was chosen as the index velocity
(Vn). They contend that using the maximum velocity as the index velocity makes sense because it
contains more information than any other velocity in the cross-section.
From a practical point of view, it may not always be possible to install the AVP in exactly the
right spot to measure Vmax. However, as long as the measured velocity (Vp) is significant, the
theory should still hold that V m=f(Vp). Healy and Hicks (2004) analyses confirm this. Their data
suggest that the Vm-Vp relationship is valid for rivers having an ice cover for four different
choices of Vp. In all cases, the relationship was virtually linear and in all cases except one, the
relationship is time invariant (and even in that case, the time dependency was relatively minor).
If we then accept that the flow structure at a given cross-section is consistent enough for there to
be a relationship between Vp and V m for both open water and under ice conditions, we can use
that information to build the discharge model : Q = A Vm. In this case the area A is
deterministically calculated based on the measured value D, the local bathymetry and some
assumptions regarding the lateral homogeneity of the ice cover thickness. The V m – Vp
relationship can be established over time using measured river discharges and statistical
methods. However, while waiting the required years for full statistical precision, in the interim, it
would be very useful to have a theoretical Vm – Vp relationship. It would be based some
theoretically assumed flow distribution in the channel and on a couple of stream gauging sorties
of Q to calibrate theoretical coefficients.
Hydro-Québec is installing a comprehensive weather data network throughout all of Québec and
is supplementing it at a number of locations with river discharge monitoring stations. After a
very thorough analysis, HQ came to the conclusion that the stations should use VIM. They chose
a Sontek Argonaut SW as the AVP. In the interim, in order to reduce risks to personnel and to
save costs, Environment Canada must reduce the number of stream gauging outings. As such,
they are looking at how VIM may help and over the last few years have been exploring various
theoretical relationships to obtain Q. HQ and EC are working together and are evaluating the
precision of EC’s proposed relationship for the new monitoring sites. EC is also investigating the
operational use of the findings of the evaluation. So far two tests sites have been established on
the Châteauguay river tributary to the St. Lawrence River and the Nécopastic River tributary to

La Grande River. The University Laval has also been part of the effort, furnishing some of the
instrumentation and doing some data analysis.
2. Study objectives
In this article, we compare EC’s Vm – Vp models to others. The purpose is not to say one model is
necessarily better than another. Rather, the purpose is to present a few alternatives, to bring out
the underlying assumptions of each model and to make a relative comparison of their results. If
they all give the same answer, so much the better. If not, the comparison may bring out the
relative merits and weaknesses of each model and may provide an indication of the expected
divergence between models. This may provide some indication of the precision of model’s
output.
3. Free surface velocity distribution models
All theoretical models are based on some assumptions about how the flow velocity is distributed
in a channel cross-section. For example, we know that the velocity is less near the bed and banks
and is normally greater at the water surface usually where the channel is deepest. In this chapter,
we present various proposals of the velocity distributions. We will then use this information to
establish the required relationships for VIM.
For obvious reasons, we include in our analysis, the flow velocity distribution used by EC.
Theirs is based on a simplification of the 2-dimensional logarithmic profile. We also present a
modified formulation of the concept, a model based on Manning’s equation and a model based
on the Principle Of Maximum Entropy (POME). We wanted to also include formulations based
on a power relationship between V and y (e.g., Teal and Ettema, 1994) but judged that we had
inadequate resources to do so at this time.
Often, for open channel turbulent flow problems, experimental data suggests that the gradient in
velocity (dV) with depth (dy) is a function of the boundary shear velocity (U*), von Karman’s
parameter (K=0.4) and the local depth (y) (Rouse, 1949) :
dV U *
=
dy Ky

(1)

The shear velocity is an expression of the local boundary shear stress (t o) and using a simple free
body diagram analysis can be shown to be equal to :
U* =

τo

ρ

=

gDS

(2)

where ρ is the fluid density, g is the acceleration due to gravity, S is the slope of the local energy
gradient and D is the local flow depth. (Later on we will discuss flow under an ice cover. In this
case D is defined as the distance (Db) from the bed to the location of maximum velocity when

analysing velocity in the lower zone and the distance from the ice sheet (Di) to the location of
maximum velocity when analysing the velocity in the upper zone). Upon integration, this leads
to the universal logarithmic velocity profile:

V=

U*
y
ln( )
K
yo

(3)

where yo is a constant of integration and has been shown to depend on bed roughness. It is often
estimated as ks/30 where ks ˜ 2d50 and d 50 is the median diameter of the bed roughness elements.
This logarithmic model can be used for various purposes. In almost all cases, velocity
observations are very difficult to obtain close to boundaries. The model can therefore be used to
determine the local unit discharge (q) by calibrating the model based on observed velocities and
extrapolating to the boundaries. Using regression techniques U* and yo are established. The unit
discharge (q) over some panel width wp can then be obtained by integrating equation (3) as
follows:

q = wp

gS
K

D [D ln( D ) − D ln( yo ) − D + yo ]

(4)

The logarithmic model is universally accepted and has proven its worth. However, since it is
only two-dimensional, its application (particularly when establishing the values of U* and yo)
should normally be restrained to flow in the central core of a cross-section where there is little
influence of the banks on the velocity distribution.
Sometimes, the value of yo seems to deviate substantially from its theoretical value. In a recent
report (Wang, 2005), it is suggested that for the purpose of discharge calculation,
yo = 0.01m

(5)

We refer to this model as the Adapted Logarithmic Model (ALM). The advantage of the model is
that it provides an easy way of estimating yo, particularly when there is a large range of estimates
derived from regression of field data.
If one assumes that gS is constant over the full channel width and if one further assumes that
yo is constant over the cross section, then, for equal panel widths ( w p ), equation (4) can be
integrated over the channel width and thereby, the channel discharge can be given by the
following:

Q = wp

gS
K

∑

D j [D j ln( D j ) − D j ln( yo ) − D j + y o ]

We will refer to this formulation as the Full Logarithmic Model (FLM).

(6)

In its interpretation, EC goes one step further. Wang (2005) uses a variation of Equation (3)
based on the considerations that the constant K=0.40 determined by laboratory experiments is
not vilified with natural channel conditions and that the hydraulic slope S is not always available
in field measurement conditions. Wang (2005) introduces a parameter γ = U*/K that reflects the
effects of flow driving force on natural channel flows. Equation 3 is then re-written as
V =γ ln(y/y0)

(3b)

Integration of this equation leads to discharges of natural channel cross-sections. In cases that
the value of γ varies little over a channel cross-section, the discharge is given in as:
Q = w pγ ∑ [D j ln( D j ) − D j ln( yo ) − D j + y o ]

(7)

We refer to this model as EC’s Logarithmic Model (LM). This model may be less precise than
equation (6) but may, in reality, be more accurate. This may be the case when the bed material in
shallower areas is smaller than the bed material in the center of the channel. This is often
observed in rivers having no vegetation near the banks and is often explained as a result of the
smaller shear stresses on the bed material in shallower areas. When this is the case, in equation
(7), the overestimated value of yo in shallower areas may be partially counterbalanced EC’s
deliberate over-estimation of γ in those same areas.
When the yo–value that is in equation (7) is established according to equation (4), we refer to this
model as ‘ALM’.
In cases that the value of γ does vary from one vertical to another over the cross-section, Wang
(2005) gives the discharges as:
Q = w p • ∑ γ j • [D j ln( D j ) − D j ln( yo ) − D j + y o ]

(7b)

We did not evaluate equation 7b in this study.
_________________

At a presentation last year to HQ and EC, Université Laval (UL) also suggested that one could
also make use of the Manning equation to provide a means to get the required relationship for
VIM. First, knowing q from equation (4), Manning’s equation is applied to the vertical having
observations in order to calibrate the resistance to flow parameter:

S
q
=
(8)
2
n
w p DR 3
where R is the hydraulic radius. Q for the whole channel can then be calculated :
Cn =

Q = w p Cn ∑ D j R j

2

(9)

3

The advantage of (9) over (6) and (7) is that the additional resistance due to increased wetted
perimeter near the banks can be included. In the application of (9), one could also use an
increased value in the Manning coefficient where there is greater resistance to flow (e.g., in
shallow areas near banks or in the floodplains).

__________________
However, not one of the equations (6), (7) or (9) specifically takes into account the reduction in
flow velocity due to the three-dimensional flow distribution created by the channel banks.
Researchers have therefore found some indirect means to take bank effects into account. In
addition to older analytical methods, both 2-D St. Venant and 3-D Navier-Stokes numerical
models have recently been used to determine cross-sectional flow distribution.
One interesting newly proposed analytical model has gained the favour the USGS (Fulton,
2004). It was developed by Chiu (1986 and 1988). The model is based on the Principle of
Maximum Entropy (POME) and is applied in two steps.
First, based on the overall channel depth (D), channel width (B) and channel shape, transfer
functions are given to translate the cross section into an adimensional idealised rounded-corner
rectangle. The functions enable one to translate Cartesian coordinates (w, y) into curvilinear
isovels ξ:
ξ = Y (1 − Z ) β i exp( β i Z − Y + 1)

(10)

where Y is an adimensional expression of the depth:
Y=

( y + ∆y )
( D + ∆y + h )

(11)

where h is the distance from the water surface to the location of maximum velocity below the
surface (Chiu et al., 1995). For open channel flows, the introduction of h can be very useful to
simulate velocity distributions having a non-zero gradient at the surface. This allows much
greater flexibility in defining the vertical profile than that offered by equations (1) or (2).
However, as we will see later on, when the model is applied to flow under ice, h = 0 always.
Z is an adimensional expression of distance from the channel center line towards the banks:

Z=

B − 2w
( B + 2 ∆w )

(12)

where B is the overall section width and w is the distance from the bank.

∆y et ∆ w are depth and width parameters that define the degree of roundness of the rectangular
channel corners (when ∆y et ∆ w are set equal to zero the channel is perfectly rectangular and
when they are equal to about 0.5D and 0.25B respectively, the channel has an elliptic shape).
β i is a parameter that allows one to define the relative roughness (N) of the banks compared to
that of the channel bottom:

log ∆y ( D + ∆ y )


βi = N

log1 − B
( B + 2∆w )


(13)

Having defined the isovel shapes (ξ), the value of the velocity V along each isovel is then given
as a function of the maximum velocity in the cross-section (Vmax) and the turbulence parameter
(M) by the following equation :
Vmax 
ξ − ξo 
(14)
ln1 + ( e M − 1)

M
1
ξ
−

o 
Where ξo represents the value of the isovel near the channel boundary and is defined by Araujo
and Chaudhry (1998) as:
V=

ξo =



∆y
∆y
exp 1 −

D + ∆y + ε
 D + ∆y + ε 

(14b)

where e is a small value that we assumed to be equal to zero.
The advantages of the POME formulation are :
• The velocity distribution is truly 3-dimensionnal.
• Velocities are expressed as a function of an observed value (Vmax)
• The shape of the profile is based on an adimensional characterisation of turbulence (M)
that, for most rivers, varies between 3 and 10. Also, according to observations, for a
given cross-section, M does not change with stage or with time (Chiu, 2002). It is
therefore a very convenient parameter that can be calculated based on the ratio of the
calculated mean flow velocity and the observed maximum velocity in the section :

Vm
1
= (e M − 1)e M −
(15)
Vmax
M
The disadvantages of POME are : The influence of the bank on the position of the isovels ξ does
not depend on the real physical distance from the bank (w) but on the relative distance from the
bank (Z). For example, consider the velocity in a rectangular channel at y = D, if N = 1, then Y =
1 and β i = 1. At, for example, Z = 0.8, ξ is always equal to 0.45 regardless of the relative ratio of
channel width to channel depth (B/D). Note that this weakness can be partially overcome for
channels of different widths by adjusting N-value.
φ=

The second disadvantage of POME is that it is difficult to apply to non-elliptic cross-sectional
shapes. When the cross-section is irregular, the application of equation (10) can make it difficult
to interpret observed values of velocity. However, this may not pose a serious handicap for the
determination of Q.
We believe that we have found a new 3-dimensional velocity distribution method applicable to
both open channel flow and ice covered rivers that overcomes these two disadvantages. The
model will be presented in a forthcoming paper.
4. Velocity distribution models for ice-covered rivers
Many researchers have extended the 2-D velocity profile distribution for flow under ice covers.
The usual method of doing so is to consider that the profile can be separated into a zone
influenced by the bed (Db) and a zone influenced by the ice (Di). In the bottom zone, the profile
keeps the same shape as the form under open channel conditions (e.g., logarithmic, power or
other) :

Vb =

U *b
y
ln(
)
K
yob

(16)

In equation (16) the subscript ‘b’ indicates values associated with the bed. As noted above, for
this application, Db replaces D in the calculation of the shear velocity (equation 2); i.e.
gSD b
U *b =
. This is because the velocity gradient at the interface between the ice zone and the
K
bed zone is zero. This implies (according to equation 1) that the boundary shear stress there is
zero. Therefore, when one performs a free body analysis, the boundary shear is only active at the
bed and the weight of water contained in the control volume corresponds only to the water from
the bed to the interface.
At the interface, the maximum velocity (V’) of the profile is given by:

V'=

U *b
D
ln( b )
K
y ob

(17)

The upper zone is normally described using the same general shape as in the lower zone:

U *i
y
ln( )
(18)
K
yoi
where y is the distance from the ice/water interface. For the same reasons as explained above, Di
replaces D in the calculation of the shear velocity U*i .
Vi =

Applying (18) to obtain the maximum velocity at the interface, one gets:

V'=

U *i
D
ln( i )
K
yoi

(19)

If the AVP can detect where the maximum velocity occurs and if there areas sufficient
gS
and yob, then knowing Db and Di, then by
observations in the lower region to calculate
K
equating equations (17) and (19), one can calculate the value of yoi:
U*i

y U
yoi = Di ( ob ) *b
Db

(19b)

Integrating separately from the bed to Db and from the ice/water interface to Di one can calculate
the unit discharge of each zone based on equation (4):

qb = w p
qi = w p

gS
Db [Db ln( Db ) − Db ln( y o ) − Db + yob ]
K
gS
Di [Di ln( Di ) − Di ln( y o ) − Di + y oi ]
K

(20)
(21)

The total unit discharge in the water column is given by :
q = qb + qi

(22)

gS
, yob and yoi are constant over the cross-section, the total channel
K
discharge for flows under ice is given by :
Assuming once again that

Q = wp

gS
K

{∑

}

Dbj [Dbj ln( Dbj ) − Dbj ln( yob ) − Dbj + y ob ] + Dij [Dij ln( Dij ) − Dij ln( y oi ) − Dij + yoi ]
… (23)

For EC’s analysis, it is further assumed that the parameter γ at the upper part of the flow is the
same as at the part close to channel bed. Once again assuming that yob and yoi are constant over

the cross-section, and substituting γ = U*b/K, the total channel discharge for flows under ice is
given by:
Q = w pγ ∑ [D j ln( D j ) − D j ln( yob + yoi ) − D j + yob + y oi ]

(24)

Where γ is determined at the vertical where the velocity measurements are made.
One can also apply the Manning equation to obtain Q from measured values of velocity.
Referring to equation (8), (20) and (21) one obtains:
C nb =

S
nb

=

qb
w p Db Rb

2

(25)
3

and
C ni =

qi
S
=
2
ni
w p Di Ri 3

(26)

From equation (22) and maintaining the same assumptions that lead to equation (9), when the
Manning equation is applied to VIM for ice covered rivers, we get :
Q = w p C nb ∑ Dbj Rbj

2

3

+ w p C ni ∑ Dij Rij

2

3

(27)

Similar to the development of equation (19b), when the Manning equation is used, we get
(Ashton, 1986):

Di  ni
=
Db  nb

1 .5





(28)

Finally, we consider how an ice cover affects POME’s equations. Once again we separate the
flow into two layers. Since the velocity gradient at the interface is zero, when converting the
depth into adimensional coordinates (equation 11) h is necessarily zero. Also, when considering
the bed and ice section separately, in equation 11, one must substitute Db and Di for D
respectively. For the upper section, y is measured down from the ice/water interface. Equation
(11) therefore becomes:

Yb =

( y + ∆y b )
( Db + ∆ yb )

(29)

Yi =

( y + ∆ yi )
( Di + ∆yi )

(30)

At the interface, Y = 1 and Z (according to equation 12) is the same when calculated from either
the bed zone up or from the ice zone down. It follows that ßi must be identical in each zone.
From equation (13), this implies that there is a unique relationship between ∆ yi / ∆y b and Ni/Nb.
In our case we set Ni=Nb=1. This leads to
∆y b

( Db + ∆y b ) =

∆y i

(31)

( Di + ∆ yi )

This implies that the upper zone must have the same physical shape as the lower one. This is a
rather strange result. We are not used to seeing elliptical ice covers (thinnest in the middle and
thickest at the banks) however, it may not be a bad assumption during early winter. In fact, when
using POME, just as the left portion of the channel is necessarily completely symmetrical with
the right portion of the channel, the upper zone is the ‘squashed’ mirror image of the lower zone.
The relative distortion is given by comparing equations (29) and (30) and is proportional to
Di/Db.
Finally, there is the most surprising but simple result of all: At the interface between the upper
and lower zones, to maintain continuity of the velocities and velocity gradients in both the
vertical and lateral directions, the M-value of the lower zone must be identical to the M-value of
the upper zone. Therefore, under the POME hypothesis there is one unique turbulence intensity
for the whole channel including both the upper and lower layers. Equation (15) is therefore still
directly applicable to determine the mean velocity once the M-value for ice conditions and the
maximum flow velocity under the ice cover is known.
For winter conditions, when POME is used to calculate Q, one uses equations (29) and (30) to
generate the curvilinear coordinates in equation 10. Based on the observed values of velocity
(Vp) at the coordinates (ξp), we statistically find the best value of M and Vmax to fit the data. We
then calculate the mean velocity of the section (V m) using equation (15). Knowing the total crosssection area, we then obtain the total discharge of the channel from:
Q = AV m
(32)
5. Parametric analysis methodology
The previous presentation shows that depending on the assumptions, one can obtain different
flow distribution models that, based on the same observed values of velocity, lead to a different
estimate of the total discharge. The correct relationship between D, Vp and Q is the statistical one
that can be developed over a number of years. In the meantime, we don’t know which of the
theoretical models gives the best estimate. The purpose of this article is to present the models
and their assumptions and to compare each solution with each other even though we do not know
which one will actually give the values closest to reality.

Here is the procedure we used to compare the models:
1. Choose a channel geometry (B/D).
2. Choose a channel shape ( ∆y /D & ∆ w /B).
3. Choose a turbulence level (M) – calculate φ according to POME (eqn. 15).
4. Generate the flow distribution in the channel according to POME.
5. Assume that the AVP is a given vertical corresponding to w/B = ½; ¼ or 1/8.
6. At that location, using eqn. 14 and setting V max = 1.0, generate the velocity (Vp) at y/D =
0.2 and 0.8.
7. Based on these two ‘observed’ velocities, for the Logarithmic Model (LM) or the Full
LM (FLM), calculate U*, yo, γ according to eqn. 3; for the Manning Model (MM),
calculate Cn based on eqn. 4 and according to eqn. 8. When using the Adapted LM
(ALM), since yo is already defined by eqn. 5, take the average of the 0.2 and 0.8 Vp’s and
assume it occurs at y/D = 0.5. Based on this velocity at this elevation and the given value
of yo, calculate U* according to eqn. 3 and convert to γ.
8. Using these parameters, calculate the channel discharge according FLM (eqn. 6); LM and
ALM (eqn. 7) and MM (eqn. 9).
9. Once the discharge is known, divide by the cross-sectional area A and get V m (eqn. 32)
and calculate φ (=Vm/Vmax) for each model.
10. Tabulate results, choose new values in steps 1-3 above and repeat steps 4-9.
11. Compare results for various geometries and shapes, levels of turbulence and Acoustic
Velocity Profiler location.
The above steps are suitable for open channel flow conditions. When there is an ice cover,
some small modifications are required:
12. Choose where the interface occurs between the bed zone and the ice zone given by the
ratio Db/Di. In our case we only analysed flows having Db/Di = 3.
13. Given the geometry and M-value defined in steps 1-3, using eqns 29, 30 and 31 and eqns.
10 and 14, generate flow distribution in both areas using POME assuming once again that
Vmax = 1.
14. As explained above, given POME’s symmetry, the U*i/K = U*b/K. This inherent property
of POME leads to exactly the same hypothesis made by EC when analysing flows under
ice cover rivers, namely, when calculating the boundary shear stress U* (as expressed by

gSDb
calculated by eqn. 16.
K
K
(In counter part, the ratio of yoi/yob will adjust itself so that the velocity at the interface
(eqns. 17 and 19) will be identical.
15. For MM, we use equations 22, 25 and 26.
16. Having obtained all these parameters, the total winter discharge is calculated according to
FLM (eqn. 23); LM or ALM (eqn. 24); or MM (eqn. 27). We then follow steps 9-11.
gSDi

) according to eqn. 18, it will be identical to that

At this point, we introduced a new hypothesis that leads to a second formulation of FLM and
MM that we refer to as FLM-2 and MM-2:

gS
gS
i =
b and since Di ≠ Db , it is rather surprising
K
K
that both POME and EC set assume that γi = γb. Rather one would expect in the at the
ice/water interface the shear stress to be less than at the bed:

17. Since it is usual to assume that

U*i = U*b Di

Db

(33)

Therefore, we performed an alternate analysis for flows under ice covers:
We still use POME to generate the velocity distribution in the lower zone. However, for
the upper zone, we calculate U*i from (33) and obtain yoi from (19b). Then, using eqn.
23, we obtain FLM-2 and using eqns 20, 21, 22, 25, 26 and 27, we get MM-2.
6. Summary of model characteristics:
Admittedly, many equations have been presented and the methodology is rather lengthy.
V
However, the calculated value φ= m truly does depend on all the little assumptions made on
Vmax
the way. Let us try to summarize :
•

•

•
•

•

•

FLM assumes a 2-D logarithmic velocity profile at each vertical assuming a constant
gS
value of yo and
throughout. It does not take any bank effects into account.
K
LM assumes a 2-D logarithmic velocity profile at each vertical assuming a constant value
gSD
of yo and
throughout. It does not take any bank effects into account.
K
ALM has the same assumptions as LM except that yo is set by eqn. 5 rather than by fitting
observed velocities to eqn. 3.

S
is
n
then calculated and is assumed constant over the cross-section and the Manning’s
equation is used to represent flow at each vertical. Some bank friction could be included
but 3-D bank effects are excluded.
For POME, the flow is assumed to be fully 3-D. The value of φ depends exclusively on
the level of turbulence (M). It does not depend on channel size or shape and is constant
throughout the whole flow area regardless of whether there is an ice cover or not. (Note
that this is the first time that POME has been extended to ice conditions and therefore this
result for ice covers is a new finding not provided nor endorsed by the original authors of
the model.)
For Winter Conditions, LM, ALM and POME all assume that γ at the ice boundary is
identical to that at the bed. On the other hand, FLM and MM can be based on the
For MM to be applied, the unit flow q is calculated at the location of the AVP.

gSD
or not. This gives rise to two alternatives for each model:
K
FLM or FLM-2 and MM or MM-2 respectively.
assumption of equal

7. Velocity profiles for ice covered rivers.
Figure 1 shows the relative isovels

V
Vmax

for a channel where B/D = 20/2; Db/Di=3; ∆ w /(B/2) =

0.5, ∆y /D =0.5 ; β i =1 and M =5 .

Figure 1

V
Vmax

according to POME for a channel where B/D = 20/2; Db/Di=3; and M =5.

For the same channel type as presented in Figure 1, Figure 2 shows the resulting velocity profile
for a mean turbulence level (M=5) at B/2, B/4, B/8 and B/20 according to POME for an ice
covered river 2 m in depth and B=20 m in width. Note that the maximum velocity is at 1.5m.
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Figure 2. Theoretical velocity profiles generated by POME for an ice-covered river.
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In Figure 3, we have reproduced the POME profiles of Figure 2. However in this case we have
stretched the depth out to a uniform value of 2 m and have plotted the velocity in the vertical
divided by the maximum velocity at each vertical. Figure 3 therefore shows how the banks
affect the shape of the velocity profiles. According to POME, as we approach the banks, the
velocity gradients increase in the core area causing relatively weaker velocities in the zones near
the boundaries. The effect is particularly pronounced for the profile at w=B/20.
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Figure 3 Standardized profiles according to POME for an ice-covered river.

0,9

1

Figure 4a shows the resulting velocity profiles for different models at B/8. The Manning
equation cannot be shown because it is One-dimensional. FM-1 is not shown because it is
identical to LM. FM-2 shows greater velocities in the upper zone because we have assumed that
the boundary shear stress at the ice is less than at the bed. Note that the LM models do not give a
zero velocity gradient at the interface between the ice and the bed zones. Note that, in this case
when we set yo = 0.01D, the resulting ALM model diverges from the velocities predicted by the
other models (except, of course, at y/D = 0.5).
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Figure 4a. Comparison of various theoretical velocity profiles at B/8 for an ice covered river.

Figure 4b presents the computed velocity profiles at B/2 based on the flow parameters
determined above at B /8 (as shown in figure 4a). Note that FM and FM-2 reach the maximum
relative velocity (V/Vmax = 1 as computed by POME) at the interface (y = 1.5 m). However, they
keep the same velocity profile shape that was observed at B/8 and therefore underestimate the
degree of turbulence in the centre of the channel. FM-2 differs from FM in that it takes into
account the smaller shear stresses at the ice boundary when compared to that at the bed
boundary. FM-2 will therefore always predict greater values of Q than FM. At this location, for
this turbulence level (M=5), it seems that the stiffness of ALM helps it predict the maximum
velocity. However, in both LM and ALM cases, the use of the same γ as that derived from a
value too close the banks (at B/8), leads to an underestimation of the velocity in the core area.
The argument could be made that obtaining γ at B/2 would probably lead to an over-estimation
of the velocity in the rest of the channel.
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Figure 4b. Computed velocity profiles at B/2 based on model parameters determined at B/8.

8. Computed channel discharge.
Figure 5 shows the resulting φ-values for each model as a function of turbulence (M) for open
channel conditions when the AVP is positioned at the channel center line (at B/2). In this case,
B/D = 20/1; ∆ w /(B/2) = ∆y /D =0.5 ; β i =1. All models indicate an general increase of the ratio
of mean velocity to maximum velocity (φ) as turbulence increases because when there is more
turbulence, the flow is more homogeneous in the core area. POME differs substantially from
other models when M is small because when M is small, the velocity gradients in the core are
large. This implies, according to POME, that the banks have a significant effect into the core
flow area – a three-dimensional effect not picked up by the other models. For moderate to
strongly turbulent flows (M > 5), ALM differs significantly from LM while POME, MM and
FLM fall somewhere in between.
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Figure 5. φ-value for open water conditions when AVP is measures the velocity at w=B/2.
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Figure 6 shows the resulting φ-values for each model as a function of turbulence (M) for Winter
Conditions when the AVP is positioned at the channel center line (at B/2). In this case, B/D =
20/2; Db/Di=3; ∆ w /(B/2) = ∆y /D =0.5 and β i =1. For ice conditions, once, according to all
models, again there is the same general increase in φ as a function of M. As for before, POME
indicates a small value of φ when the turbulence is small. At high levels of M, once again there is
fair difference between LM and ALM with POME in the middle. FLM and FLM-2 provide the
lowest estimates.
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Figure 6. φ-value for winter conditions when AVP is measures the velocity at w=B/2.

10

9. Bank effects on model behaviour
Figure 7 shows the resulting φ-values for each model as a function of turbulence (M) for Winter
Conditions when the AVP is positioned at B/4. As above, B/D = 20/2; Db/Di=3; ∆ w /(B/2) =
∆y /D =0.5 and β i =1. According to POME, the flow velocity is a little smaller at B /4 than it is
at B/2. Since the ‘observed’ velocities at y/Db = 0.2 and 0.8 are in fact those generated by POME,
they are smaller than the ‘observed’ velocities generated at B/2. None of the other models have
the ability to take this 3-dimensional reduction in flow into account. They all therefore
underestimate the velocities elsewhere in the channel and therefore their calculated φ-values are
lower than those provided above despite the fact that nothing has changed in flow conditions in
the channel. The only that has changed is the location of the Acoustic Velocity Profiler.
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Figure 7. φ-value for winter conditions when AVP is measures the velocity at w=B/4.
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Figure 8 shows the resulting φ-values for each model as a function of turbulence (M) for Winter
Conditions when the AVP is positioned at B/8. As above, B/D = 20/2; Db/Di=3; ∆ w /(B/2) =
∆y /D =0.5 and β i =1. When the AVP is located even closer to the bank, the strong reduction in
flow velocity in that zone leads to a further under-estimation of the φ-value by virtually all
models except POME.
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Figure 8. φ-value for winter conditions when AVP is measures the velocity at w=B/8.
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The banks’ effect on flow reduction and the subsequent under-estimation of the mean channel
velocity by all models except POME is more clearly shown in Figure 9 for a channel having an
average turbulence intensity (M=5). Figure 9 shows the resulting φ-values for each model as a
function of the AVP position. As above, B/D = 20/2; Db/Di=3; ∆ w /(B/2) = ∆y /D =0.5 and
β i =1. The figure demonstrates that for average flow intensity, as long as the AVP is positioned
in the central core of the channel (no closer than B/4 to the banks), the assumption of a 2dimensional model only changes the predicted flow velocity by 5%. However, if placed at B/8,
the under-prediction can be more.
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Figure 9. φ-value for winter conditions as a function of AVP location for average turbulence
conditions (M=5).
10. Conclusions
The underlying hypothesis that there is a direct relationship between the observed maximum
velocity and the mean velocity has been documented elsewhere for open water and ice covered
conditions. In fact, Healy and Hicks’ field data analyses (2004) indicate that such a relationship

also exists for other significant velocities. When POME is modified for ice conditions, it shows
that there is a direct relationship between the velocity at any point and the mean velocity. As
such, it seems ideally suited to discharge monitoring using a Velocity Index Method (VIM).
However POME does not seem to directly account changes in B/D ratios. Also, when applied to
ice conditions, it also has the particularity of assuming that γ = (U*/K) at the ice interface is the
same as at the bed even if the maximum velocity is located closer to one surface than to another.
All studied models indicate that the ratio of mean to maximum velocity (φ) increases as
turbulence increases: Generally speaking, when turbulence is very low (M=1), φ ˜ 0.6 whereas
when it’s high (M=10), φ ˜ 0.9. Since most the turbulence in most rivers vary between M = 3 to 8
(Wang personal communication, 2005), the values predicted by the models (φ ˜ 0.7 to 0.85)
correspond very well to those commonly used in practice.
At the theoretical level, each model has its advantages and disadvantages that have been
presented in the text. We have a personal preference for POME because it is 3-dimensional, has a
zero velocity gradient at the interface between the bed and the ice zones, is comprehensive and
presents a unified visualisation of the flow distribution. However, we still think that it has
inherent restrictions (homogeneous channel shapes and flow symmetry) that should be further
investigated.
Although 2-dimensional models may be more adaptable to non-symmetrical channel bathymetry,
they must be used with care in shallow water areas or areas affected by the banks. We have a
personal preference for the FLM-2 model because it adequately accounts for changes in depth
and variability in shear stress between the ice and the bed. We also like the Manning model
because it is robust and based on many years of validation. However it suffers from the
disadvantage of not giving the velocity distribution.
At the application level, for open channel flow conditions, when the Acoustic Velocity Profiler is
located in the center part of the channel, all models show an increasing value of φ = Vm/V max as a
function of turbulence (M). For low values of M < 3 all models predict very similar ratios except
POME that suggests 3-D effects should make the φ-value 10% less (Fig. 5). At high turbulence
levels (M > 8), the φ-value may vary by 9% depending on the model.
For ice-covered channels, the results (Fig. 6) are very similar as for open-channel flow
conditions except that two new models are also evaluated. Generally, all models once again
predict an increase of φ as a function of M although the prediction may vary differ by as much as
10% depending on the model chose and the level of turbulence.
From a quantitative point of view, we have no basis for saying which model provides the most
accurate results. When, in five to ten years, more field data becomes available, a quantitative
comparison may be made. However, even then it may be difficult to obtain sufficient precision to
for a clear winner to immerge. In the meantime, one should ensure that the AVP is deployed in
the central part of the channel where there is the most information about channel velocity and
where there is the least bank effects.
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